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Abstract. In this paper, we study the linear wave equations in an asymptotically anti-
de Sitter spacetime. We will consider the mixed boundary problem, where the initial data
are given on an outgoing null hypersurface and a timelike hypersurface, and the asymptotic
information is given on conformal infinity.
1. Introduction
Initial value problem is one of central problems of mathematical physics equations. Since
the requirements of different physical problems, many different kinds of initial problems have
been studied. For example, characteristic initial value problems[1], initial-boundary value
problems[2]. In this paper, null-timelike initial-boundary value problem will be studied. This
problem was first noticed by R. Bartnik[3]. He tried to solve Einstein equations by imposing
boundary data on a timleke cylinder and a outgoing light cone which started from a space-
like two sphare. One years later, Balean solved a simple model of such problem, i.e. null-
timelike boundary problem for linear wave equations in Minkowski space[13]. In following
paper, Balean and Bartnik generalize Balean’s result to Maxwell field in Minkowski space.
Since their method strongly depends on Minkowski back ground, it is nontrivial to generalize
their work to general back ground. This is one motivation of this work. Another motivation of
this paper is try to understand AdS/CFT correspondence[4] in terms of initial-boundary value
problem. It is well-known that AdS/CFT correspondence is a great breakthrough in theoretical
physics. At the very beginning of AdS/CFT correspondence, Witten[5] understood it in terms
of boundary problem of elliptic partial differential equations(PDE) since he considered the
Euclidean version of this conjecture. In a recent work, Witten reconsider this problem and
give some more careful conjecture on how to choose a suitable boundary condition[6]. In past
decades, more and more interest has been focus on how to use this conjecture solving practical
physical problems. One of the most active idea is to study condensed matter physics by using
AdS/CFT correspondence, for example, AdS/QCD theory[7], AdS/condense matter theory[8,
9], fluid/gravity correspondence[10], · · · . The main idea of these work is considering dynamical
process on asymptotic AdS black hole back ground and analog associated physical properties by
E-mail addresses: wuxn@amss.ac.cn, linzhang@amss.ac.cn.
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using AdS/CFT correspondence. Since the perturbation is imposed from time-like boundary
or conformal boundary of asymptotic AdS spacetime[10], the null-timelike boundary value
problem will give a mathematical foundation for those work.
This paper is organized as following : in next section, some back ground knowledge and
statement of main result is given. In section III, some necessary notations and conformal
transformations are introduced, which will be used in the proof. Section IV is the key step of
this paper. Energy-estimates is given in this section. These results are key tools for our proof.
With theorems of section IV, we finish the proof of our main theorem in section V. Section VI
contains some discussions on our results.
2. Back ground and statement of main theorem
Let (M,g) is a Lorentzian manifold, where g is an asymptotically anti-de Sitter metric. In
the Bondi-Sachs coordinates {τ, r, x2, x3}, where τ = constant are outgoing null hypersurface,
{x2, x3} forming local coordinates on Sτ,r( i.e. the 2-dimension surfaces with τ = constant
and r = constant), and 4πr2 = Area(Sτ,r). We suppose that g is given by
(2.1) g = −V e2ηdτ2 − 2e2ηdτdr + r2hAB(dxA − UAdτ)(dxB − UBdτ),
where, V , η, UA, hAB are functions of τ, r, x
A with A = 2, 3, and det(hAB) = 1. And,
furthermore, as r → +∞,
(2.2) V = 1− Λ
3
eζr2 +O(
1
r
), Λ < 0,
and
(2.3) lim
r→∞
rUA = lim
r→∞
ζ = lim
r→∞
η = 0,
and
(2.4) hABdx
AdxB → gS2 ,
uniformly on [0, T ]× S2, where gS2 is the standard round metric on S2.
In this paper, we study the linear wave equations
(2.5) gu = 0,
with boundary condition
u|Σ0={τ=0} =
ϕe−η
r
,
u|T ={r=R} =
ψ1e
−η
R
,
(2.6)
for some given functions ϕ on Σ0 and ψ1 on T . Furthermore, we need asymptotic condition
on u at further null infinity I (with topology [0,+∞)× S2),
(2.7) lim
r→∞
eηru = ψ2,
for the given functions ψ2 on [0,+∞)× S2.
We will prove the following result,
Theorem 2.1. Suppose g sufficiently regular and with conformal regular condition (see later).
Assume ψ1 ∈ H2k([0, T ] × S2), ψ2 ∈ Hk([0, T ] × S2), and
‖ϕ‖H˜2k((R,∞)×S2) =
∑
|α|≤2k,α=(α1,α2,α3)
( ∫ ∞
R
∫
S2
|∂αϕ|2
r2+4α1
drdΣ
) 1
2 < +∞.
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Then, there exists a unique solution u, which satisfies (2.5)-(2.6)-(2.7) in [0, T ]× [R,+∞)×S2,
and
‖eηru‖H˜k([0,T ]×(R,∞)×S2) =
∑
|α|≤k,α=(α0,α1,α2,α3)
( ∫ T
0
∫ ∞
R
∫
S2
|∂α(eηru)|2
r2+4α1
dΣdrdτ
) 1
2
≤C{‖ϕ‖
H˜2k((R,∞)×S2) + ‖ψ1‖H2k([0,T ]×S2) + ‖ψ2‖Hk([0,T ]×S2)},
(2.8)
where C is a constant depending on g and k.
3. Conformal transformation
In the new coordinates
(τ, z =
1
r
, x2, x3),
we have
(3.1) g = −V e2ηdτ2 + 2
z2
e2ηdτdz +
1
z2
hAB(dx
A − UAdτ)(dxB − UBdτ).
We introduce the conformal metric gˆ given by
(3.2) gˆ = Ξ2g = −z2V dτ2 + 2dτdz + hABe−2η(dxA − UAdτ)(dxB − UBdτ),
where Ξ = ze−η.
Remark 3.1. We say g satisfies the conformal Ck condition, which means the conformal
metric gˆ can be Ck extended to z = 0.
Remark 3.2. By (2.2), we have, z2V = −Λ3 and gˆ(∇z,∇z) = −Λ3 > 0 at z = 0, hence, the
hypersurface {z = 0} is timelike in (M, gˆ).
Set v = Ξ−1u, then
gu =
1
(− det g)1/2
3∑
i=0
∂i[(− det g)1/2gij∂ju]
= Ξ3gˆv + [Ξ
2
gˆΞ− 2Ξgˆij∂iΞ∂jΞ]v.
(3.3)
By ∂iΞ = δi1e
−η − Ξ∂iη, then
gˆij∂iΞ∂jΞ = Ξ
2V − 2Ξe−η gˆ1j∂jη + Ξ2gˆij∂iη∂jη,
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and
gˆΞ =
1
κ
∂iκgˆ
1ie−η + ∂igˆ
1ie−η − 2e−η gˆ1i∂iη − Ξ(gˆη + gˆij∂iη∂jη),
where κ = e−2η
√
γ, γ = det(hAB). Hence,
Ξ2gˆΞ− 2Ξgˆij∂iΞ∂jΞ = Ξ3ω
=Ξ3[
1
2z
∂A(log γ)U
A +
1
z
∂A(U
A)−gˆη − 3gˆij∂iη∂jη],
(3.4)
where, we have used that γ is independent on τ and r. By (2.3), in particular lim
r→0
rUA = 0,
then wave equations reduces to the following equation for v,
gˆv + ωv = 0.
From now on, we work on the Lorentzian manifold (M¯, gˆ) with boundary, which is un-
physical spacetime, and has the topology [0,+∞)× [0, 1R ]×S2 and a global coordinate system
{τ, z, x2, x3} with τ ∈ [0,+∞), z ∈ [0, 1R ] and {x2, x3} forming local coordinates on S2. For
some fixed T > 0, we set
ΩT = {(τ, z)|0 < τ < T, 0 < z < 1
R
} × S2,
and
Σ0 = {(0, z)|0 ≤ z ≤ 1
R
} × S2,
ΣT = {(T, z)|0 ≤ z ≤ 1
R
} × S2,
T = {(τ, 1
R
)|0 ≤ τ ≤ T} × S2,
I = {(τ, 0)|0 ≤ τ < +∞}× S2,
where, I represent the further null infinity of the physical spacetime (M,g), and is timelike.
We introduce two null vector fields
N1 = ∇τ = ∂z , N2 = −(∇z − 1
2
z2V∇τ) = −(∂τ + 1
2
z2V ∂z + g
1A∂A),
and, it is easy to check
gˆ(N1, N1) = gˆ(N2, N2) = 0, gˆ(N1, N2) = −1.
Remark 3.3. N1, N2 are further point null vector fields.
We introduce the ingoing null cone Hµ, which is generated by null geodesics γ(t) starting
from p on 2-sphere S0,µ, with γ(0) = p and γ˙(0) = N2(p). Furthermore, we definite following
domain
H(ν, 1
R
) =
⋃
µ∈(ν, 1
R
)
Hµ,
and
ΩT,ν = ΩT ∩H(ν, 1
R
).
Remark 3.4. For fixed T , we take ν small enough, then, the boundary of ΩT,ν is composed by
four regular hypersufaces, and which located on Σ0, ΣT , T , and Hν.
Remark 3.5. For convenience, we denote H0 by H, and denote M1 = H(0, 1
R
). In fact, M1
is the maximal determined space in physical spacetime by Σ0 and T .
Remark 3.6. We denote M2 for the domain bounded by H and I.
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4. Energy estimate
In this section, we work on the un-physical spacetime (M, gˆ), for convenience, we also denote
gˆ by g. We recall the wave equations
(4.1) gv + ωv = 0,
and, we consider the boundary condition
v|Σ0 = ϕ,
v|T = ψ1,
v|I = ψ2.
(4.2)
Remark 4.1. We can give a rough view for the solvable of this mixed boundary problem. First,
by ϕ and ψ1, we can solve the wave equations in M1, particularly, we can get the information
of v on H, and then, combine ψ2, we can solve v in M2.
For a C1-function φ, the associated energy momentum tensor Q[φ] is a symmetric 2-tensor
defined by, for any vector fields X and Y ,
Q[φ](X,Y ) = (Xφ)(Y φ)− 1
2
g(X,Y )|∇φ|2 − g(X,Y )φ2.
Lemma 4.2. Let φ be a given C2-function and Q[φ] be the associated energy momentum
tensor. Set X = a1N1 + a2N2 and Y = a3N1 + a4N2, for some ai, i = 1, 2, 3, 4. Then,
Q[φ](X,Y ) = a1a3(∂zφ)
2 + a2a4(N2φ)
2 + (a1a4 + a2a3)(
1
2
gAB∂Aφ∂Bφ+ φ
2).
Moreover, if ai ≥ 0, i = 1, 2, 3, 4, then Q[φ](X,Y ) ≥ 0.
Proof. First, we have
Q[φ](X,Y ) = a1a3Q[φ](N1, N1) + a2a4Q[φ](N2, N2) + (a1a4 + a2a3)Q[φ](N1, N2).
Next,
|∇φ|2 = 2∂τφ∂zφ+ z2V (∂zφ)2 + 2g1A∂zφ∂Aφ+ gAB∂Aφ∂Bφ,
and then
Q[φ](N1, N1) = (∂zφ)
2, Q[φ](N2, N2) = (N2φ)
2,
Q[φ](N1, N2) =
1
2
gAB∂Aφ∂Bφ+ φ
2.
A simple substitution yields the desired results. 
We take a tetrad vector fields
{N1, N2, e3, e4},
where, e3, e4 are vector fields tangent to Sτ,z, and satisfy,
g(e3, e3) = g(e4, e4) = 1, g(N1, e4) = g(N1, e3) = g(N2, e4) = g(N2, e3) = g(e4, e3) = 0.
Take a null vector field
L = l1N1 + l2N2 + l3e3 + l4e4,
by g(L,L) = 0, we have
(4.3) − 2l1l2 + l23 + l24 = 0.
Lemma 4.3. Let L = l1L1 + l2N2 + l3N3 + l4e4 be a null vector with l1 ≥ 0, l2 > 0, and
Y = b1N1 + b2N2 with b1 ≥ 0, b2 ≥ 0, then, we have Q[φ](L, Y ) ≥ 0.
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Proof. First, by g(L,L) = 0, we have
2l1l2 = l
2
3 + l
2
4.
And
Q[φ](L, Y )
=b1l1Q[φ](N1, N1) + b2l2Q[φ](N2, N2) + (b2l1 + b1l2)Q[φ](N1, N2)
+ l3b1(e3φ)(N1φ) + l3b2(e3φ)(N2φ) + l4b1(e4φ)(N1φ) + l4b2(e4φ)(N2φ)
=
1
2
b1l2[(
l3
l2
N1φ+ e3φ)
2 + (
l4
l2
N1φ+ e4φ)
2] + b2l2(N2φ+
l3
2l2
e3φ+
l4
2l2
e4φ)
2
+
1
4
b2l2(
l3
l2
e4φ− l4
l2
e3φ)
2 + (b2l1 + b1l2)φ
2,
(4.4)
hence, we know Q[φ](L, Y ) ≥ 0. 
Remark 4.4. A straightforward calculation yields
g(L,
l3
l2
N1 + e3) = 0, g(L,
l4
l2
N1 + e4) = 0,
g(L,N2 +
l3
2l2
e3 +
l4
2l2
e4) = 0, g(L,
l3
l2
e4 − l4
l2
e3) = 0.
(4.5)
Hence, if Σ is a null hypersurface with normal null vector field L, then, the energy Q[φ](L, Y )
on Σ only contains the informations of the derivative of φ which tangent to Σ.
Remark 4.5. We have
l3
l2
e4 − l4
l2
e3 = l3(
l4
l2
N1 + e4)− l4( l3
l2
N1 + e3),
and
l3
l2
N1 + e3,
l4
l2
N1 + e4, N2 +
l3
2l2
e3 +
l4
2l2
e4,
are linearly independent. Furthermore, we have
(4.6) L = l2(N2 +
l3
2l2
e3 +
l4
2l2
e4) +
l3
2
(
l3
l2
N1 + e3) +
l4
2
(
l4
l2
N1 + e4).
Remark 4.6. We consider the boundary H of ΩT,0, then, the null normal vector field NH is
given by
NH = l1N1 + l2N2 + l3e3 + l4e4,
with l1 ≥ 0, l2 ≥ 0. And, we know, H ∩ {τ = 0} = S0,0, and on S0,0, there satisfies NH = N2,
i.e. l2 = 1 and l1 = l3 = l4 = 0.
Remark 4.7. We assume
g(NH, N1) = −l2 6= 0,
satisfied on H, which means, no where on H the null hypersurface {τ = const} will tangent to
H.
Remark 4.8. We denote the three tangential vector fields of H by
E1 =
l3
l2
N1 + e3, E2 =
l4
l2
N1 + e4, E3 = N2 +
l3
2l2
e3 +
l4
2l2
e4.
And, we definite
EH[φ, b1, b2]
=
b1l2
2
[(E1φ)
2 + (E2φ)
2] + b2l2(E3φ)
2 +
b2l2
4
(l3E2φ− l4E1φ)2 + (b2l1 + b1l2)φ2,
(4.7)
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which relate to the energy on H.
4.1. H1-estimates in M1. In this subsection, we will get the energy estimates in M1. We
use the method which has been used in [39]. For completeness, we will state some result in
[39] and give simple proof.
First, we make the H1-estimate in ΩT ∩M1, i.e ΩT,0. A simple foliation of this region by the
null hypersurfaces τ = const, but the energy on null hypersurface don’t contain the transversal
derivative information. In [39], a weighted energy estimate method has been used, for which,
the domain integral control all derivatives, and making suitable choose such that the boundary
integrals have good signs.
For the needs of higher derivative estimates, we consider more general wave equations
(4.8) Lv = gv + ai∂iv + ωv = f.
And, for any C1-function h, and vector field X, we have
div(hP [φ,X]) = (gφ)(hXφ) +
1
2
hQ[φ]αβ
(X)παβ +Q[φ](∇h,X) − 2g(X,∇φ)hφ,(4.9)
where
P [φ,X]α = Q[φ]αβX
β , (X)παβ = ∂αXβ + ∂βXα −X(gαβ).
Theorem 4.9. For some fixed T > 0, and v satisfies (4.8). Then, there exists constants
q0 > 0, l > 0 depending on |gij |C1(ΩT ), |ai|L∞(ΩT ) and |ω|L∞(ΩT ), such that, for any q > q0,
and h = e−lqτ+qz, 1
q
1
2 ||v||H1
h
(ΩT,0)
+ ||∂zv||L2
h
(T ) + ||v||H1
h
(ΣT )
+
∫
H
hEH[v, 1, 1]dH
≤ C{||v||H1
h
(Σ0) + ||v||H1h(T ) + ||f ||L2h(ΩT,0)},
(4.10)
where C is a constant depending on |gij |C1(ΩT ), |ai|L∞(ΩT ) and |ω|L∞(ΩT ).
Proof. For some constants m, p, q > 0 to be chosen later, we consider a timelike vector field
(4.11) Y = mN1 +N2,
and functions
(4.12) w = −(pτ − qz), h = ew.
Then, an integration over ΩT,0 yields
(4.13)
∫
ΩT,0
div(hP ) dΩ =
∫
∂ΩT,0
ihP dΩ,
1For a hypersurface Σ, we can define the Hp(Σ) space and the corresponding Hp(Σ)-norm, with derivatives
taken only with respect to variables on Σ. And, let h the positive function, define
||u||Hp
h
(Ω) =
p∑
i=0
||h
1
2∇iu||L2(Ω),
and similarly for ||u||Hp
h
(Σ).
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where dΩ is the volume element. By (4.9), and (4.13), we obtain∫
ΩT,0
{Q[v](∇h, Y ) + 1
2
hQ[v]αβ
(Y )παβ − 2g(Y,∇v)hv
+ (Lv − aα∂αv − ωv)h(Y v)}dΩ
=
∫
M1∩ΣT
hQ[v](∇τ, Y )√γdzdΣ +
∫
H
hEH[v,m, 1]dH
−
∫
Σ0
hQ[v](∇τ, Y )√γdzdΣ +
∫
T
hQ[v](∇z, Y )√γdτdΣ.
(4.14)
where dH is the volume element for H adapting to NH.
Remark 4.10. By our choosing of h, we have
∇h = −h[(p − 1
2
z2V q)N1 + qN2].
We choose p, q such that ∇h is timelike, hence, Q[v](∇h, Y ) control all derivatives of v, and
can absorb the other terms in the domain integral.
In fact
−Q[v](∇w, Y ) = Q[v]([p − 1
2
z2V q]N1 + qN2,mN1 +N2)
=q(∂τv)
2 + [mp+
1
2
qz2V (
1
2
z2V −m)](∂zv)2 + (mq + p− 1
2
qz2V )[
1
2
gAB∂Av∂Bv + v
2]
+ qz2V ∂τv∂zv + 2qg
1A∂Av∂τv + qz
2V g1A∂Av∂zv + q(g
1A∂Av)
2.
(4.15)
We consider p = lq, for some constant l > 0 sufficiently large depending on m and |gij |L∞(ΩT ),
then
−Q[v](∇w, Y ) ≥ 1
2
q{(∂τ v)2 + (∂zv)2 + gAB∂Av∂Bv + v2}.
Furthermore, by choosing q sufficiently large, depending on |gij |C1(ΩT ), |aα|L∞(ΩT ), and |ω|L∞(ΩT ),
we obtain ∫
ΩT,0
{
Q[v](∇h, Y ) + 1
2
hQ[v]αβ
(Y )παβ − 2g(Y,∇v)hv
+ (Lv − aα∇αv − ωv)h(Y v)
}
dΩ
≤ −1
4
∫
ΩT,0
h{q[(∂τ v)2 + (∂zv)2 + gAB∂Av∂Bv + v2]− (Lv)2}dΩ.
(4.16)
Now we analyze the boundary integrals. By simple calculation, we have
(4.17) Q[v](∇τ, Y ) = Q[v](N1,mN1 +N2) = m(∂zv)2 + 1
2
gAB∂Av∂Bv + v
2,
and
Q[v](∇z, Y ) = Q[v](−N2 + 1
2
z2V N1,mN1 +N2)
=− (N2v)2 + 1
2
z2V m(∂zv)
2 − (m− 1
2
z2V )[
1
2
gAB∂Av∂Bv + v
2]
=− (∂τv + g1A∂Av)2 − (m− 1
2
z2V )(
1
2
gAB∂Av∂Bv + v
2)
+
1
2
z2V (m− 1
2
z2V )(∂zv)
2 − z2V ∂τv∂zv − z2V g1A∂Av∂zv.
(4.18)
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Remark 4.11. We know the boundary hypersurface T is timelike, hence the energy Q[v](∇z, Y )
is not positive on T . As our initial data setting on this boundary, hence we know v, ∂τv, and
∇S2v, but we does not yield any information on ∂zv|T . We choose m, such that the term
(∂zv)
2 in (4.18) has a good sign, so we can control this boundary term by initial data.
By choosing m large, such that m− 12z2V ≥ 1 on T ∪ {τ ≤ T}, we get
q
∫
ΩT,0
h
[
(∂τv)
2 + (∂zv)
2 + gAB∂Av∂Bv + v
2
]
dΩ +
∫
T
h(∂zv)
2dτdΣ
+
∫
ΣT∩M1
h[(∂zv)
2 + gAB∂Av∂Bv + v
2]dzdΣ +
∫
H
hEH[v, 1, 1]dH
≤C{
∫
ΩT,0
hf2dΩ+
∫
Σ0
h[(∂zv)
2 + gAB∂Av∂Bv + v
2]dzdΣ
+
∫
T
h[(∂τv)
2 + gAB∂Av∂Bv + v
2]dτdΣ},
where C is a constant depending on |gij |C1(ΩT ), |ai|L∞(ΩT ) and |ω|L∞(ΩT ). 
Remark 4.12. For the boundary integral on T , we take a small m, such that m− 12z2V < 0
on T , hence, the sign of the term 12gAB∂Av∂Bv+v2 in (4.18) is positive, then we have another
version of the H1-estimate,
q
1
2 ||v||H1
h
(ΩT,0)
+ ||∂zv||L2
h
(T ) + ||v||H1
h
(ΣT )
+
∫
H
hEH[v, 1, 1]dH
≤ C{||v||H1
h
(Σ0) + ||N2v||L2h(T ) + ||f ||L2h(ΩT,0)}.
(4.19)
4.2. Higher order estimates in M1. In this subsection, we derive Hk-estimates, for k ≥ 2.
To this end, we need to differentiate the equations (4.1), In fact, let X be a vector field with
the deformation tensor π = (X)π, then (see [11]),
[,X]φ = παβ∇2φαβ +∇απαβ∂βφ− 1
2
∂α(trπ)∂αφ.
In the following, we denote the multi-indices α, β ∈ Z4+ by α = (α0, α1, α2, α3), β = (β0, β1, β2, β3),
etc. Take an arbitrary multi-index α with |α| = p, then
(4.20) g(∂
αv) =
∑
|β|=p+1
cαβ∂
βv + fα,
where
(4.21) fα =
∑
|β|≤p
cαβ∂
βv.
Remark 4.13. We will make H1-estimate of (4.20), there are two issues we need to resolve.
First, the right hand contains derivatives of v of order |α|+ 1, not all of which can be written
as ∂i∂
αv, for some i = 0, 1, 2, 3. If we simply apply the derived H1-estimates, there are
derivatives of order |α| + 1 in the right-hand side, which are not yet controlled. Second, we
need to determine the initial values of ∂αv on Σ0 and the boundary values on Σ1.
Theorem 4.14. For any p ≥ 1, there exists q0 depending on |gij |C1(ΩT ), |ai|L∞(ΩT ), |ω|L∞(ΩT )
and p, and l the same as in theorem 4.9, then, for q ≥ q0 and h = e−qlτ+qz, we have∑
|α|=p+1
(q
1
2 ||∂αv||L2
h
(ΩT,0)
+ ||∂αv||L2
h
(T ) +
∫
H
hEH[∂
αv, 1, 1]dH)
≤ C{||ϕ||
H
(2p+2)
h
(Σ0)
+ ||ψ1||H2p+2
h
(T ) + ||f ||H2p+1
h
(ΩT,0)
},
(4.22)
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where C is constant depending on
Proof. By Theorem 4.9, and (4.20), we have, for q > q0, and h = e
−qlτ+qz,
q
1
2 ||∂αv||H1
h
(ΩT,0)
+ ||∂z∂αv||L2
h
(T ) + ||∂αv||H1
h
(ΣT )
+
∫
H
hEH[∂
αv, 1, 1]dH
≤ C{||∂αv||H1
h
(Σ0) + ||∂αv||H1h(T ) +
∑
|β|=p+1
||∂βv||L2
h
(ΩT,0)
+ ||fα||L2
h
(ΩT,0)
},(4.23)
where C is constant depending on |gij |C2(ΩT ), |ai|C1(ΩT ) and |ω|L∞(ΩT ). Specially, from (4.23),
we have, for 1 ≤ r ≤ p+ 1,∑
|α|=p+1,α1=r
||∂αv||L2
h
(T )
≤ C{
∑
|α|≤p+1
||∂αv||L2
h
(Σ0) +
∑
|α|=p+1,α1=r−1
||∂αv||L2
h
(T ) +
∑
|α|=p
||∂αv||L2
h
(T )
+
∑
|β|=p+1
||∂βv||L2
h
(ΩT,0)
+
∑
|α|=p+1
||fα||L2
h
(ΩT,0)
}.
(4.24)
Hence, we have, for any 0 ≤ r ≤ p+ 1,∑
|α|=p+1,α1=r
||∂αv||L2
h
(T )
≤ C{
∑
|α|≤p+1
||∂αv||L2
h
(Σ0) +
∑
|α|=p+1,α1=0
||∂αv||L2
h
(T ) +
∑
|α|=p
||∂αv||L2
h
(T )
+
∑
|β|=p+1
||∂βv||L2
h
(ΩT,0)
+
∑
|α|=p+1
||fα||L2
h
(ΩT,0)
}.
(4.25)
By substituting (4.25) in (4.23), we have, for q sufficiently large,
∑
|α|=p+1
(q
1
2 ||∂αv||L2
h
(ΩT,0)
+ ||∂αv||L2
h
(T ) +
∫
H
hEH[∂
αv, 1, 1]dH)
≤ C{
∑
|α|≤p+1
||∂αv||L2
h
(Σ0) +
∑
|α|=p+1,α1=0
||∂αv||L2
h
(T )
+
∑
|α|=p
||∂αv||L2
h
(T ) +
∑
|α|=p+1
||fα||L2
h
(ΩT,0)
},
(4.26)
the last two terms on the right hand can be controlled by lower order estimates, the second
term yield by ψ1, and by the following estimates on Σ0, we can get the desired result. 
To control the first term in the right hand of (4.26), we need following Lemma, which also
can be seen in [39].
Lemma 4.15. For any α with |α| = p, and 0 ≤ α0 = l ≤ p, we have
‖∂αv‖L2(Σ0) ≤ C
{‖f‖Hp+l−1(ΩT ) + ‖ϕ‖Hp+l(Σ0) + ‖ψ1‖Hp+l(Σ1)},(4.27)
where C is a positive constant depending only on p, |gij |Cp+l−1(Σ0), |ai|Cp+l−2(Σ0), and |ω|Cp+l−2(Σ0).
Proof. By restricting the equation Lu = f to Σ0, we have
(4.28) 2∂z(∂τv) + a
0∂τv = f1,
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where
f1 = f +
∑
|β|≤2,β0=0
aβ∂
βv.
We point out that no derivatives of v with respect to τ appear in f1. We view (4.28) as an
ODE of ∂τv in z on Σ0 with the initial value given by
∂τv = ∂τψ1 on Σ0 ∩Σ1.
Then,
∂τv = ∂τψe
− 1
2
∫ z0
z
a0dz′ − 1
2
∫ z0
z
f1e
1
2
∫ z0
z′
a0dz′′dz′ on Σ0.
Therefore,
(4.29) ‖∂τv‖L2(Σ0) ≤ C
{‖ϕ‖H2(Σ0) + ‖∂τψ1‖L2(Σ0∩Σ1) + ‖f‖L2(Σ0)} .
For l ≥ 2, by applying ∂l−1τ to (4.28), we obtain
2∂z(∂
l
τv) + a∂
l
τv = fl,
where
fl = ∂
l−1
τ f +
∑
|β|≤l+1,β0≤l−1
cβ∂
βv.
Similarly, we view this as an ODE of ∂lτv in z on Σ0 with the initial value given by
∂lτv = ∂
l
τψ1 on Σ0 ∩Σ1.
Then,
∂lτv = ∂
l
τψ1e
− 1
2
∫ z0
z
adz′ − 1
2
∫ z0
z
fle
1
2
∫ z0
z′
adz′′dz′ on Σ0.
For α = (l, α1, α2, α3), we write α
′ = (0, α1, α2, α3). Then,
∂αv = ∂α
′{
∂lτψ1e
− 1
2
∫ z0
z
adz′ − 1
2
∫ z0
z
fle
− 1
2
∫ z0
z′
adz′′dz′
}
on Σ0.
Hence, for α with |α| = p and α0 = l,
‖∂αv‖L2(Σ0) ≤ C
{‖f‖Hp−1(Σ0) + ‖∂lτψ1‖Hp−l(Σ0∩Σ1) +
∑
|β|≤p+1,β0≤l−1
‖∂βv‖L2(Σ0)
}
.
By the trace theorem, we have
‖∂αv‖L2(Σ0) ≤ C
{‖f‖Hp(Ω) + ‖ψ1‖Hp+1(Σ1) +
∑
|β|≤p+1,β0≤l−1
‖∂βv‖L2(Σ0)
}
.
We note that in the summation above, the highest degree of derivatives increases by 1 but the
highest degree of derivatives with respect to τ decreases by 1. So we can iterate this inequality
l times and obtain the desired result. 
Remark 4.16. We point out that there is a loss of regularity which caused by to control the
τ -direction derivatives on Σ0. In fact, in [39] has proved, for |α| = k, and α0 = l ≤ k, then
(4.30) ||∂αv||L2(M1∩ΩT ) ≤ C{||ϕ||Hk+l(Σ0) + ||ψ1||Hk+l(T )}.
Corollary 4.17. we have
||v||Hk(M1∩ΩT ) ≤ C{||ϕ||H2k(Σ0) + ||ψ1||H2k(T )},(4.31)
where C is a constant depending on |gij |C2k−1(ΩT ), |ω|C2k−2(ΩT ), k, T , and R.
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4.3. Energy estimates in M2. In this subsection, we will get the energy estimates inM2 ∩
ΩT . We know the boundary ofM2 ∩ΩT are ΣT ∩M2, H and I. In fact, the energy estimates
are same as the last subsection.
Theorem 4.18. There exists q0 and l depending on |gij |C1(M2∩ΩT ), |ω|L∞(M2∩ΩT ), such that,
for any q ≥ q0, and h = e−qlτ+qz,
q
1
2 ||v||H1
h
(ΩT∩M2) + ||v||H1h(ΣT∩M2) + ||∂zv||L2h(I)
≤C{
∫
H
hEH[v, 1, 1]dH + ||v||H1
h
(I) + ||f ||L2
h
(M2∩ΩT )
},
(4.32)
where C is a constant depending on |gij |C1(M2∩ΩT ), |ω|L∞(M2∩ΩT ) and Λ.
Proof. The prove is similar to Theorem 4.9. We also take Y = mN1 + N2 and h = e
−qlτ+qz,
then ∫
M2∩ΩT
{Q[v](∇h, Y ) + 1
2
hQ[v]αβ
(Y )παβ − 2g(Y,∇v)hv
+ (Lv − aα∂αv − ωv)h(Y v)}dΩ
=
∫
M2∩ΣT
hQ[v](∇τ, Y )√γdzdΣ −
∫
H
hEH[v,m, 1]dH−
∫
I
hQ[v](∇z, Y )√γdτdΣ.
(4.33)
The domain integral and the boundary term on ΣT ∩M2 can be analysis by the same way in
Theorem 4.9, and the boundary term on H has controlled by Theorem 4.14. Hence, we only
need to analysis the boundary term on I. In fact, on I, N2 = ∂τ − Λ6 ∂z, and then,
−Q[v](∇z, Y ) = (N2v)2 + Λ
6
m(∂zv)
2 + (m+
Λ
6
)[
1
2
gAB∂Av∂Bv + v
2]
= (∂τv)
2 +
Λ
6
(
Λ
6
+m)(∂zv)
2 + (m+
Λ
6
)[
1
2
gAB∂Av∂Bv + v
2]− Λ
3
∂τv∂zv
≥ −7(∂τv)2 + Λ
6
(
Λ
12
+m)(∂zv)
2 + (m+
Λ
6
)[
1
2
gAB∂Av∂Bv + v
2].
(4.34)
Hence, we take m = − Λ24 , then we can get the desired result. 
From Theorem 4.18, and by the method in Theorem 4.14, we have
Theorem 4.19. For any α with |α| = k ≥ 2, there exists q0 depending on k, |gij |C1(M2∩ΩT ),
|ω|L∞(M2∩ΩT ), and l depending on |gij |C1(M2∩ΩT ), |ω|L∞(M2∩ΩT ), such that, for any q ≥ q0,
and h = e−qlτ+qz,∑
|α|=k
[q
1
2 ||∂αv||H1
h
(ΩT∩M2)
+ ||∂αv||L2
h
(I)]
≤C{
∑
|α|≤k
∫
H
hEH[∂
αv, 1, 1]dH + ||ψ2||Hk
h
(I) + ||f ||Hk−1
h
(M2∩ΩT )
},
(4.35)
where C is a constant depending on k, |gij |Ck(M2∩ΩT ), |ω|Ck−1(M2∩ΩT ) and Λ.
Combine Theorem 4.14 and Theorem 4.19, we have
Corollary 4.20. Suppose v is a solution of (4.1)-(4.2), then, for any k ≥ 1, we have
||v||Hk(ΩT ) ≤ C{||ϕ||H2k(Σ0) + ||ψ1||H2k(T ) + ||ψ2||Hk(I)},(4.36)
where C is a constant depending on |gij |C2k−1(ΩT ), |ω|C2k−2(ΩT ), k, Λ, T , and R.
Proof. We have used e−qlT ≤ e−qlτ+qz ≤ e qR . 
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5. Existence of solutions
In this section, we will consider the existence of solution of (4.1)-(4.2). We first consider
the local existence of null-timelike problems. Just as the same as in [39], we first proving
the existence for the analytic case following the method in [25], and then for general case by
approximations. For convenience, we consider the existence near Σ0 ∩ T .
Theorem 5.1 (Local existence of null-timelike problems). 2 For linear wave equations (4.1),
with gij ∈ C2k−1, ω ∈ C2k−2 and v|Σ0 = ϕ ∈ H2k(Σ0), v|T = ψ ∈ H2k(T ). Then, there exits
a point O ∈ Ω, and v ∈ Hk(J−(O) ∩ Ω) solve this null-timelike boundary problem.
Proof. We write the equation in (4.1) in the form
(5.1) 2∂zτv + z
2V ∂zzv + 2g
1A∂zAv + g
AB∂ABv + a
i∂iv + bv = 0.
We first assume that gij , ai, b, and ϕ,ψ are real analytic in some open neighborhood U of
Σ0 ∩ T and hence can be expanded as a power series in τ . For example, we have
ψ =
∞∑
i=0
ψi(θ)τ
i.
Here and hereafter, we denote by θ = (x2, x3), coordinates on S2. We define
u0 = v =
∞∑
i=0
u0i (z, θ)τ
i,
u1 = ∂zv =
∞∑
i=0
u1i (z, θ)τ
i,
uA = ∂Av =
∞∑
i=0
uAi (z, θ)τ
i, A = 2, 3,
and
w = ∂τv =
∞∑
i=0
wi(z, θ)τ
i.
For u0, u1, u2, u3, and w, we have
∂τu
0 = w,
2∂τu
1 = −z2V ∂zu1 − 2g1A∂zuA − gAB∂BuA + a¯iui + cw,
∂τu
A = ∂Aw,
and
2∂zw = −z2V ∂zu1 − 2g1A∂zuA − gAB∂BuA + a¯iui + cw.
Therefore,
(i+ 1)u0i+1 = wi,
2(i+ 1)u1i+1 =
∑
k≤i
Lk[∂u
0
k, ∂u
1
k, ∂u
2
k, ∂u
3
k, wk],
(i+ 1)uAi+1 = ∂Awi,
(5.2)
2The prove same as in [39]
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and
2∂zwi + dwi =
∑
k≤i
Lk[∂u
0
k, ∂u
1
k, ∂u
2
k, ∂u
3
k] +
∑
k≤i−1
Lk[wk].(5.3)
Note
u00 = ϕ, u
1
0 = ∂zϕ, u
A
0 = ∂Aϕ.
The equation (5.3) is an ODE of wi with respect to z and the initial value is given by
wi(z0, ·) = (i+ 1)ψi+1 on S2.
For some i ≥ 0, assume we already know ul0, · · · , uli, for l = 0, 1, 2, 3, and w0, · · · , wi−1, then
we can find wi by solving (5.3) and find u
l
i+1, for l = 0, 1, 2, 3, by (5.2).
For simplicity, we assume
u00 = u
1
0 = u
2
0 = u
3
0 = 0, w0|z=z0 = 0.
Otherwise, we set
u˜0 = u0 − ϕ, u˜1 = u1 − ∂zϕ, u˜A = uA − ∂Aϕ, w˜ = w − ∂τψ.
For some M > 0 and ρ > 0, we define
F (s) =
M
1− sρ
.
We now consider a given point on Σ0, say (0, z∗, 0, 0) with z∗ > 0. Set
s = a2τ + a(z − z∗) + x2 + x3.
In a neighborhood of (0, z∗, 0, 0), take M > 0, ρ > 0, and a > 1, such that the function
F (s) =
M
1− ρ−1(a2τ + a(z − z∗) + x2 + x3)
is a majorizing function of gij , a¯i, c, f and ϕ,ψ. Then,
∂τu
i = F (s){∂zu1 +
∑
A,B=2,3
[∂zu
A + ∂Bu
A + ∂Aw] +
3∑
j=0
uj + w + 1},
∂zw = F (s){∂zu1 +
∑
A,B=2,3
[∂zu
A + ∂Bu
A] +
3∑
j=0
uj + w + 1}
(5.4)
forms a majorizing system. We now treat s as an independent variable. To construct a special
solution ul = U(s), l = 0, 1, 2, 3, and w =W (s) of (5.4), we consider a system of linear ordinary
differential equations given by
{a2 − F (s)(3a + 4)}dU
ds
− 2F (s)dW
ds
= F (s)(4U +W + 1),
−F (s)(3a+ 4)dU
ds
+ a
dW
ds
= F (s)(4U +W + 1),
(5.5)
with U(0) =W (0) = 0. Take λ small such that[
a2 − F (s)(3a+ 4) −2F (s)
−F (s)(3a+ 4) a
]
is positive definite. Then, we can solve (5.5) and its solutions U and W are real analytic in
the domain of F (s). Therefore, the domain where ui and w exist and are real analytic is the
same as the domain where all coefficients and initial values are real analytic. Similarly as in
[25], by a2 − F (s)(3a + 4) > 0, −2F (s) < 0, −F (s)(3a + 4) < 0, a > 0, the coefficients in the
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series of U(s) and W (s) are nonnegative, provided that U(0) and W (0) are 0. This proves the
existence of an analytic solution v in U .
For some point O ∈ Ω, such that J −(O) ∩ Ω ∈ U , we find analytic sequences of gj and ωj,
such that limj→∞ gj = g and limj→∞ ωj = ω uniformly in C
2k−1(J −(O) ∩Ω)-norm. And we
can find sequences of polynomials P j and Qj , such that limj→∞ P
j = ϕ in H2k(J −(O) ∩ Σ0)-
norm, and limj→∞Q
j = ψ in H2k(J −(O) ∩ T )-norm.
Denote by vj the solution of gjvj+ωjvj = 0, with the initial value and the boundary value
given by P j and Qj, respectively. By the Hk-estimates provided by Corollary 4.17, we find
that the vj converges, as j → ∞, to a solution v ∈ Hk(J −(O) ∩ Ω) of (4.1) with the initial
value and the boundary value given by ϕ and ψ, respectively. 
We also need the local existence theorem for characteristic initial value problem for hyper-
bolic equations by Rendall [47],
Theorem 5.2 (Local existence of characteristic initial value problem). Let N1, N2 be the trans-
versely intersecting null hypersurfaces with respect to g, Ω be the region bounded by N1, N2.
Let v|N1 = ϕ smooth on N1, v|N2 = ψ smooth on N2, and ϕ = ψ on N1∩N2. Then there exists
an open neighbourhood U of N1 ∩ N2, and a unique v ∈ C∞(U ∩ Ω) solve (4.1) and satisfies
the boundary condition.
We now prove the existence of solution in M1. We consider the spacelike slice
St = {(τ, z, x2, x3)| arctan(τ + 1
z
)− π
2
= t} ∩ ΩT .
Remark 5.3. From the prove of Hk estimates in M1, we only need to modify the integral
domain, which bounded by St, ΣT and the boundary of M1, hence we have
(5.6)
∑
|α|=k
||∂αv||L2(St) ≤ C{||ϕ||H2k(Σ0) + ||ψ1||H2k(T )},
where C is a constant depending on |gij |C2k−1(ΩT ), |ω|C2k−2(ΩT ), k, T , and R.
Theorem 5.4 (Existence of solution in M1 ∩ ΩT ). For ϕ ∈ H2k(Σ0), and ψ1 ∈ H2k(T ), then,
there exists v ∈ Hk(M1 ∩ΩT ) solving (4.1).
Proof. First by Theorem 5.1, we have local existence. If the solution does not exist in the full
region M1 ∩ ΩT , we must have t⋆, such that
t⋆ = sup{t : the solution exists in M1 ∩ ΩT ∩ ∪l<tSl}.
We take ǫ sufficiently small, then solution exists in M1 ∩ ΩT ∩ ∪l≤t⋆−ǫSl, and
(5.7)
∑
|α|=k
||∂αv||L2(St⋆−ǫ) ≤ C{||ϕ||H2k(Σ0) + ||ψ1||H2k(T )},
where C is not depend on t⋆ − ǫ.
We have three case of t⋆ (see figure 2). For case I. First, by the standard theory of linear
wave equations, we have local existence for (4.1) in D+(St⋆−ǫ) the domain of dependence of
St⋆−ǫ. And then, by the local existence of null-timelike problem, we have local existence in the
domain bounded by T and ∂(D+(St⋆−ǫ)). Last, by the local existence of characteristic initial
value problem, we have local existence in the region bounded by ∂(D+(St⋆−ǫ)) and Σ0. Hence,
for ǫ sufficiently small, there exists ǫ′ > ǫ, such that the solution exists inM1∩ΩT∩∪l≤t⋆−ǫ+ǫ′Sl,
which yield the global existence. For case II, we only need the standard theory and the local
existence of characteristic initial value problem. For case III, by the standard theory, we can
get the same result. 
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T
Σ0
I
τ = T
H
St⋆(I)
St⋆−ǫD+(St⋆−ǫ)
St⋆(II)
St⋆(III)
Figure 2
Remark 5.5. We have the existence of solution and Hk-estimates inM1∩ΩT , and by Sobolev
embedding, we can extend solution to H ∩ ΩT . Then by the same method, we can prove the
existence of solution in M2 ∩ ΩT , which can be considered as a null-timelike problem with
initial data setting on H and I.
Theorem 5.6. For ϕ ∈ H2k(Σ0), ψ1 ∈ H2k(T ), and ψ2 ∈ Hk(I), then there exists a unique
solution of (4.1)-(4.2) v ∈ Hk(ΩT ).
6. Discussion
In this paper, we consider the null-time-like boundary value problem of linear wave equations
in general asymptotic AdS space-time. We show that the solution is globally existent and
unique if the data is give on the time-like, null and conformal boundary. Further more, we
also found similar result also exist for Maxwell field in an asymptotic AdS space-time and
the paper is under preparing. These two cases are toy models from the holographic condense
matter theory. In fact, the standard holographic model for condense matter theory contains
scalar field, Maxwell field and gravity field[8], so we need to consider the coupled system of
scalar field, Maxwell field and linearized gravity. This is a very important and interesting
mathematical problem and will be considered in future work.
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